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Prandtl number dependence of the viscous boundary layer and the Reynolds numbers
in Rayleigh-Bénard convection

Siu Lam, Xiao-Dong Shang, Sheng-Qi Zhou, and Ke-Qing Xia*
Department of Physics, The Chinese University of Hong Kong, Shatin, Hong Kong, China

~Received 8 January 2002; published 24 June 2002!

We report results from high Prandtl number turbulent thermal convection experiments. The viscous bound-
ary layer and the Reynolds number are measured in four different fluids over wide ranges of the Prandtl
number Pr and the Rayleigh number Ra, all in a single convection cell of unity aspect ratio. We find that the
normalized viscous layer thickness may be represented asdv /L50.65Pr0.24Ra20.16. The Reynolds number
based on the oscillation frequency of the large-scale flow is found as Reo(Ra,Pr)51.1Ra0.43Pr20.76 and that
based on the rms velocity Rerms(Ra,Pr)50.84Ra0.40Pr20.86. Both the Ra and the Pr exponents of ReVm

(Ra,Pr)
based on the maximum velocity of the circulating wind appear to vary across the range of Pr covered, changing
from 0.5 to 0.68 and20.88 to20.95, respectively, as Pr is increased from 6 to 1027.
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I. INTRODUCTION

The complex nature of the Rayleigh-Be´nard convection
problem often means that theoretical models that are ab
produce experimentally observed scaling laws for a few g
bal and local quantities do not necessarily provide the ri
mechanism for turbulent motion in the system. It is th
important that a comprehensive approach be taken w
considers how the system’s response parameters~i.e., Nu and
Re! are dependent on its control parameters~i.e., Ra and Pr!
in a systematic way@1#. In contrast to the Nusselt numbe
Nu, which has been measured over wide ranges of the R
leigh number Ra@2# and the Prandtl number Pr@3#, the ex-
perimentally measured Reynolds numbers generally s
rather narrow ranges of the control parameters. This is e
cially true with regard to the Prandtl number. Because a
Prandtl number dependence of Nu is likely to be weak a
that of Re has been predicted to be strong by many theo
measurement of the Reynolds number may provide a m
sensitive test for the various models. Another quantity
importance is the viscous boundary layer. Because the v
ous models all make specific assumptions about the visc
boundary layerdv , determination ofdv may allow us to
better discriminate the different mechanisms proposed. H
again, experiment appears to lag behind. To our knowled
directly measureddv exist only for a single Pr~water! @4,5#.
For other values of Pr, there are results obtained with
indirect ‘‘power spectra’’ method@6,7#, but there have been
questions about the validity of this method@8#. Thus, mea-
suring the viscous boundary layer and the Reynolds num
over a wide range of Pr and Ra should provide us the mu
needed information.

In this paper, we report an experimental study of hig
Prandtl-number turbulent Rayleigh-Be´nard convection in
which both the viscous boundary layerdv(Ra,Pr) and the
Reynolds number Re~Ra,Pr! are measured as functions of R
and Pr. The paper is organized as follows. Section II conta
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a brief description of the working fluids, the convection ce
and the velocity measurements. Section III is divided in
four parts:~a! Velocity profiles at various values of Ra an
Pr, the measured viscous boundary layer, and its compar
with indirectly measured results for low-Pr fluids.~b! The
Reynolds number based on the maximum values of vert
profiles of the horizontal velocity component; previously o
tained results from water in several cells of various asp
ratios are also reanalyzed here.~c! The Reynolds numbe
based on the oscillation frequency of the large-scale m
flow. ~d! The Reynolds number based on the rms values
local velocity. We summarize our findings in Sec. IV.

II. EXPERIMENT

Three alcohol-type organic liquids, 1-pentanol, triethyle
glycol, and dipropylene glycol@9#, plus water are used a
convecting fluids. The Rayleigh and Prandtl numbers are
culated based on temperatures measured at the center o
convection cell@10# and using recently published propertie
of the fluids@11#. With these fluids, we achieve a combine
range of Ra from 13108 to 331010 and of Pr from 3 to
1205, all in a single convection cell of unity aspect ratio. T
convection cell has been described in detail elsewhere@12#
and only its key features will be mentioned. Briefly, it is
vertical cylinder with diameterD and heightL both equal to
19 cm, with gold-plated copper conducting plates, and
Pyrex glass tube as sidewall. Local velocities in the b
region are measured using the laser Doppler velocim
~LDV ! technique. In the present work, a commercial LD
~Dentac Ltd.! is used to measure the local vertical veloc
near sidewall. The LDV has a measuring volume of ab
75 mm and continuous acquisition of the local fluctuatin
velocity can be made for many hours. Near the bottom p
where the viscous boundary layer is to be measured, str
temperature fluctuations cause strong fluctuations of the
fractive index, which significantly reduce the signal to noi
ratio of the LDV and thus limit its use in that region. T
overcome this, we used dual-beam incoherent cro
correlation spectroscopy@13# to determinedv . This tech-
nique has been shown to be effective for boundary la
©2002 The American Physical Society06-1
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measurement in thermal convection and its application
turbulent convection has been well documented@4,5,14#. To
scatter light, we seeded water with neutrally buoyant la
spheres and the three organic liquids with hollow gla
spheres that are density matched for each of the fluids@15#.

III. RESULTS AND DISCUSSION

A. The viscous boundary layer

Figure 1 shows a profile of the horizontal velocityvh
measured from the lower plate along the central axis at
54.13109 and Pr5298 ~dipropylene glycol!. The profile, if
extrapolated toz50, would be downward concave@16# and
this may be understood in terms of a constant viscous st
~rather than constant shear! boundary condition for non-
Boussinesq convection@17,18#. Thus convection at some o
the large Pr values may be non-Boussinesq; nonetheles
shall see below that certain features appear to be ‘‘univer
across the wide range of Pr covered in our experiment.
cause of the lack of a linear region in the velocity profile, w
adopt an operational definition for the viscous layer thic
nessdv different from the one previously used in water@4#.
We take the position of the maximum velocity asdv . In Fig.
1, the solid curve is a polynomial fit to the data, which yiel
dv . Another interesting thing to note is that profiles for d
ferent values of Ra but the same Pr appear to have an in
ant form, whereas those of different Pr but of approximat
the same Ra do not seem to have the same shape. The
shown, respectively, in Figs. 2~a! and 2~b! in scaled form. As
will be seen below, horizontal profiles of the vertical veloc
component measured near the sidewall also show
dependent shapes. Note that a universal form for velo
profiles having different Ra and approximately the same
has been observed previously@4#, but, to our knowledge, no
information is available on the Prandtl number properties
the velocity profiles.

In Fig. 3~a! we plot the measured viscous boundary lay
thicknessdv vs Ra for three values of the Prandtl number:
~triangles, 1-pentanol!, 298 ~inverted triangles!, and 1030
~squares! ~both dipropylene glycol!; the circles are a previou
result @4# measured in water with Pr56 ~for consistency,

FIG. 1. Mean horizontal velocity as a function of the distan
from the bottom plate, at Ra54.13109 and Pr5298. The curve is a
polynomial fit for determining the maximum velocity.
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reanalyzed using the new definition, which resulted in
roughly factor of 2 increase in the magnitude ofdv for all
values of Ra!. All the data may be described by the powe
law fit Ra0.16, which is represented by the lines in the figur
This result is consistent with the previous findings in wa
using the ‘‘old’’ definition @4,5#. With the Ra dependenc
determined, we examine the Pr-dependent amplitudeA(Pr)
5dvRa0.16. The result is plotted as a function of Pr in Fi
3~b! where the line is a power-law fit:

dv /L50.65Ra20.1660.02Pr0.2460.01. ~1!

With both the Prandtl number and Rayleigh number dep
dences of the viscous boundary layer established over a w
range, we examine the possibility of applying it to systems
very different Pr values such as those of gas and merc
where direct measurements are not yet possible but ind
measurements have been made@6,7#. The indirect technique
is based on a coincidence between the peak positions o
spatial profile of the cutoff frequency of the temperatu
power spectrum and the profile of the velocity@6#. Because
the coincidence was observed at a single value of Ra an
Pr ~water!, the generalization of this method contains tw
assumptions:~1! the coincidence will hold for other values o
Ra, and~2! it will hold for other values of Pr. Furthermore

FIG. 2. ~a! Scaled velocity profiles for five values of Ra but th
same Pr5298. ~b! Scaled velocity profiles of approximately th
same Ra but different Pr.
6-2
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PRANDTL NUMBER DEPENDENCE OF THE VISCOUS . . . PHYSICAL REVIEW E 65 066306
whether this method really measuresdv has also been ques
tioned @8#. Recently, Xia and Zhou have tested the ‘‘pow
spectra’’ method in water for two decades of Ra and
result is in good agreement with that from direct measu
ments@19#. But as far as Pr is concerned the test is inco
clusive. We now comparedv given by Eq. ~1! and those
measured by the power spectra method. Figure 4 shows
viscous boundary layers~circles! and thermal boundary lay
ers ~triangles! measured in~a! high-pressure gas (Pr50.7)
@6# and ~b! mercury (Pr50.024) @7#. The solid lines in the
figure are our result extrapolated to the corresponding va
of Pr and Ra. For the Ra dependence, the data are too
tered for a quantitative comparison, and as an extrapola
our result is not able to say anything about the appa
transitions shown in the gas data. Nevertheless, the fig
appears to show approximate agreement in the overall m
nitude between the indirect results and extrapolated ones
two systems with very different values of Pr from ours.
our view, the fact that Eq.~1! is able to connect results from
systems with widely separated Pr lends mutual support to
indirect technique and to the extrapolation. Thus our d
appear to support the conclusions that the thermal and
cous layers have crossed in mercury@7# but not yet in gas
@6#. Note that the boundary layer crossing in mercury w
one of the arguments used in Ref.@20# to rule out the exis-
tence of the asymptotic, or ultrahard, regime in turbul
convection. However, one should use caution in interpre
the above result. For example, Grossmann and Lohse’s

FIG. 3. ~a! Viscous boundary layerdv vs Ra for four values of
Pr. ~b! Pr dependence of the viscous boundary layer; the fitting
representsdv /L50.65Ra20.1660.02Pr0.2460.01.
06630
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cent theoretical result on the properties of the Nusselt nu
ber suggests that there may be a transition in the Pr de
dence of Nu around Pr.1 @21# and there appears to b
experimental evidence to support it@22#. Since the lowest Pr
for our measureddv is 6, we do not know whether a simila
transition exists for the viscous boundary layer. Clearly, f
ther investigations are needed and the above extrapola
results should be viewed more as a way to stimulate s
efforts.

B. Reynolds number ReVm
based on the maximum velocity

The Reynolds number ReVm
5VmaxL/n is based on the

maximum velocityVmax of the horizontal velocity profiles
near the bottom plate, as measured by the two-beam t
nique. Because ReVm

for the low- and high-Pr fluids appea
to have different behavior, we examine first the results fr
water that had been published previously but were prese
in terms of the Peclet number Pe (5RePr) @5#. The water
data were measured in four cells of varying aspect ratioG
5D/L, whereD is the cell diameter andL its height. Since
the values of Pr for these data varied from 4.3 to 7, a plo
ReVm

against Ra would be quite scattered. So we first de
mined the Pr dependence of these data by minimizing t
scatter around straight lines~for eachG in a log-log plot; the

e

FIG. 4. Viscous boundary layerdv measured using the ‘‘powe
spectra’’ method and those extrapolated from Eq.~1! to the corre-
sponding values of Pr and Ra:~a! gas data with Pr5 0.7 ~Ref. @6#!;
~b! mercury data with Pr5 0.024~Ref. @7#!. In both cases, the solid
lines are the extrapolations and circles are measureddv . The cor-
responding thermal layer thicknessesd th ~inverted triangles! are
also shown.
6-3
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results show that ReVm
;Pr20.88 for each set. We then nor

malized all the data to a constant Pr (56.0); the results,
plotted against Ra, are shown in Fig. 5~a!. In the figure, all
solid lines have a power-law exponent ofg50.5 (ReVm

;Rag). Note that since the strong Pr dependence of Re le
to a weak Pr dependence of Pe, the effect of Pr was
considered in@5# and the same Ra dependence was obtai
there. Still, we can see that the quality of the power-law fit
Fig. 5~a! is better than those shown in Ref.@5#. As ReVm

shows no apparent systematic trend withG , we multiplied a
function f (G) by the normalized ReVm

to extend the effective

scaling range in Ra@ f (G) is a constant for each set of da
and is chosen to collapse the data on a single line#. The
results obtained are shown in Fig. 5~b! where a single powe
law ReVm

;Ra0.495 ~solid line! for all data with Ra>23107

is produced@the symbols are the same as in Fig. 5~a!#. For
data below Ra.23107, a power-law fit would give ReVm

;Ra0.70 @dashed line, which is also shown in Fig. 5~a!#. Note
that Ra.23107 corresponds roughly to the transition fro
soft to hard turbulence @23#. This transition was

FIG. 5. ~a! The Reynolds number ReVm
measured in water from

different aspect ratio cells. The data have been normalized
constant Pr56.0. ~b! Data in ~a! after the dependence on aspe
ratio G is compensated by the factorf (G) which depends only on
G. In both ~a! and~b!, all solid lines have a slope of 0.495 and th
dashed lines 0.70.
06630
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already seen in Ref.@5#, but with the Pr dependence treate
properly it becomes more pronounced here.

With the water data reanalyzed in terms of Re and their
dependence properly normalized, we compare them w
data measured in this work from high-Pr fluids. These
shown in Fig. 6~a!, where the solid lines represent the be
power-law fit to the respective data and the obtained Ra
ponentsg are indicated nearby~for clarity, only G51 data
from water are shown!. Although the ranges of Ra are sma
for the high-Pr data, there appears to be a trend ofg increas-
ing with Pr. For Pr5297, the difference between 0.65 an
0.5 appears to be beyond the uncertainties of the data.
for Pr51027, the data scatter is sufficiently large@24# that
we cannot rule outg50.5. In Fig. 6~a!, the two solid sym-
bols represent Re based on the maximum of the vertical
locity profiles near the sidewall as measured by the LDV~see
Fig. 7!. Because of the apparent lack of consistent Ra dep
dence for low- and high-Pr data, strictly speaking it is n
meaningful to have a uniform Pr dependence for these d
But if we nonetheless want to check such a trend acros
wide range of Pr, we need to use a single value ofg to

a

FIG. 6. ~a! ReVm
measured at different values of Pr plotte

against Ra. As in Fig. 5, the water data are normalized to Pr56.0,
i.e., ReVm

is multiplied by (Pr/6.0)0.88 for these data, and only thos
for G51 are shown. The Ra exponentg for each group of data is
shown beside that group.~b! Data in ~a! fitted with the same Ra
exponentg50.5 for all and plotted as ReVm

Ra20.5 vs Pr; the solid
line has a slope of20.95.
6-4
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PRANDTL NUMBER DEPENDENCE OF THE VISCOUS . . . PHYSICAL REVIEW E 65 066306
extract the trend~due to the sensitive dependence of amp
tudes on exponents!. This is done by fitting all the data with
g50.5 and the amplitudes ~which are essentially
ReVm

Ra20.5) are plotted against Pr in Fig. 6~b!, where the

solid line has a slope of20.95. Recall that the Pr exponent
20.88 for water, so this exponent seems to increase in a
lute value with increasing Pr. A similar trend has been o
served in numerical simulations by Verzicco and Camu
@25#, who found that the Pr exponent of Re crosses over fr
20.73 to 20.94 when Pr is increased. Interestingly, in
numerical study of convection in self-gravitating spheric
shells, Tilgner also found@26# a similar crossover from
20.73 to20.92. But in both cases, the crossover occur
around Pr.1. In a recent theory, Grossmann and Lohse p
posed to separate the energy and thermal dissipation
contributions from boundary layers and the bulk, and o
tained a multitude of convection regimes in the Ra-Pr pla
according to the relative weights of these components@1#. A
specific prediction of the theory in the very large Pr regim
@21# is a Nu independent of Pr and a Re strongly depend
on both Ra and Pr, i.e., Nu;Ra1/5Pr0 and Re;Ra3/5Pr21.

FIG. 7. Profiles of the mean~solid circles! and rms ~open
circles! values of the vertical velocity measured as a function of
horizontal distancex from the sidewall and at midheight from~a!
water and~b! dipropylene glycol. The lines indicate regions of co
stant shear or linear velocity profile.
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Our ReVm
for the high-Pr data in Fig. 6 are seen to be sho

ing a similar trend. In our view, the scaling result (g50.7)
for the ‘‘soft’’ turbulence region in Fig. 5 may also belong t
this regime, i.e., either high Pr or low Ra~see the ‘‘phase
diagram’’ in Ref. @21#!. But because of the small Ra rang
and somewhat noisy data from the high-Pr fluids, we wo
put this as tentative at best.

C. Reynolds number Reo based on the oscillation frequency
of the large-scale circulation

We now present results from LDV measurements. Profi
of the average and rms values of the vertical velocity fro
the sidewall to the interior of the cell~at midheight! were
measured for a few values of Ra and Pr~but not systemati-
cally!. Figure 7 shows two such profiles:~a! Pr56.97, Ra
56.73108 and ~b! Pr5705, Ra51.03109. Note that ~a!
reaches only to the cell center whereas~b! is an almost com-
plete profile. Similar to the horizontal velocity profiles ne
the bottom plate, the shapes of these profiles clearly cha
with Pr, which may be due to the non-Bousinessq nature
the high-Pr convection. Nevertheless, two features that w
previously observed in water@27# are present in both case
~i! the mean velocityv̄ reaches a maximum near the sidew
and develops into a linear profile when it is less thanv rms ;
and ~ii ! v rms is approximately constant in most parts of th
cell. Using the maximum velocities in Fig. 7 we calculate t
corresponding Reynolds numbers, which are shown as s
symbols in Fig. 6~a!. It shows agreement for the measur
magnitude of the large-scale circulation~LSC! using two
techniques, albeit at only one point.

From flow visualizations, we found that the large-sca
mean flow does not circulate constantly but goes throu
acceleration/deceleration cycles, which can also be seen
velocity time series@28#. The periodf o

21 of this oscillatory
motion of the large-scale circulation can be obtained fr
the autocorrelation function of velocity fluctuationsC(t)
5^dv(t1t)dv(t)&/^(dv)2& (dv5v2 v̄). We find that f o
corresponds to the peak in the velocity power spectra bu
can be more accurately determined fromC(t) ~due to the
former’s uneven spectral point distribution on a logarithm
scale! @28#. Obviously, f o is not the circulation frequency o
LSC but the largest period of its coherent oscillations. W
have previously found thatf o measured at various places
the cell is the same~except possibly in the boundary laye
and cell center! @28# and thus provides a characteristic tim
scale of the system. We call it the global oscillation fr
quency of the LSC or the wind. Because of the appar
positional independence of bothf o andv rms , the LDV mea-
surements in which systematic variations of Ra and Pr
made did not take place at a fixed position but at positio
about several centimeters from the sidewall~midheight!
wherev̄.v rms . Each measurement lasted for two hours; t
mean and the rms velocities and the correlation functions
then calculated from the time series.

The inset of Fig. 8~a! shows an example ofC(t) for Ra
51.231010 and Pr537.8 where the position of the first pea
gives the value off o

21 . Using f o one can define a Reynold

e

6-5
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LAM, SHANG, ZHOU, AND XIA PHYSICAL REVIEW E 65 066306
number Reo54L2f o /n. Figure 8~a! shows ReoRa20.43 mea-
sured from the four fluids and plotted against Pr on a log-
scale@see Fig. 8~b! for symbol legends, which also apply t
Fig. 9 below#. The varying range of Ra for these data
between 1.13108 and 2.631010 and that of Pr is between
3.06 and 1,205, with the corresponding Reo varying from
23.5 to 14 049. The exponent of 0.43 is determined by m
mizing data scatter around a straight line; a power-law
then gives ReoRa20.43;Pr20.76. Likewise, when Reo is plot-
ted against Ra on a log-log scale and data scatter is
minimized by multiplying Pra by Reo , we obtaina50.76.
This is shown in Fig. 8~b!, where ReoPr0.76 is plotted against
Ra~open symbols!; a power-law fit then gives;Ra0.43 ~solid
line!. Note that these two procedures are independent of e
other and thus they showed a certain self-consistency. C
bining the two results, we obtain Reo
51.09Ra0.4360.01Pr20.7660.01. ~See below for a discussion o
the dashed line.! Note that a similar result for Reo was ob-
tained previously over narrower ranges of Pr@29#, wheref o
was determined from the velocity power spectra.

D. Reynolds number Rerms based on the local rms velocity

As mentioned above, ourv rms are not measured at th
same position but nonetheless should be fairly representa

FIG. 8. Reynolds number Reo based on the oscillation frequenc
f o measured in different fluids at various Ra and Pr.~a! ReoRa20.43

vs Pr; the line has a slope of20.76. The inset shows a velocit
autocorrelation function vs the delay timet measured at Ra51.2
31010 and Pr537.8. The arrow indicates the value off o

21 . ~b!
ReoPr0.76 vs Ra, where the solid line has a slope of 0.43. The das
line represents ReVm

Pr20.8850.335Ra0.495 obtained from the water
data in Fig. 5.
06630
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of typical local velocity fluctuations for the entire system
Figure 9 shows the Reynolds number Rerms5v rmsL/n based
on the local rms velocity as a function of Ra and Pr.
contrast to Reo , Rerms exhibits considerable scatter, althoug
they come from the same set of data. This is probably du
a weak positional dependence ofv rms ~from Fig. 7, we see
that v rms is only approximately constant with respect to p
sition!. It may also imply that while a two-hour averagin
may have been sufficient for global quantities such asf o it
may not be enough for local quantities likev rms . In Fig. 9,
the power-law fitting Rerms50.84Ra0.4060.03Pr20.8660.01 is
deduced similarly as in Fig. 8. Because of the large d
scatter, the Ra exponent has a large error bar, which leave
unable to differentiate it from that for Reo . On the other
hand, the strong Pr dependence of Rerms combined with a
wide parameter range produces a smaller error bar for it
exponent, which appears to differ a lot from that of Reo .
While the Ra dependences of Rerms and Reo appear to be
indistinguishable for the present data, the difference in th
Pr dependence seems to be real~0.86 vs 0.76!. It should also
be noted that the strong Pr dependence of our meas
Rerms is in marked contrast to the findings from gas conve
tion near the critical point@30#, where Rerms was found to be
independent of Pr.

IV. SUMMARY

With dv(Ra,Pr) and the several Re~Ra,Pr! determined
over a wide range of the control parameters, we now disc

d

FIG. 9. The rms velocity based Reynolds number Rerms mea-
sured at various Ra and Pr.~a! RermsRa20.40 vs Pr, where the line
represents a power-law fit with an exponent of20.86. ~b!
RermsPr0.86 vs Ra, where the line has a slope of 0.4.
6-6
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PRANDTL NUMBER DEPENDENCE OF THE VISCOUS . . . PHYSICAL REVIEW E 65 066306
the implications of these results and make preliminary co
parisons with some theoretical work. An important ingre
ent in the model by Grossmann and Lohse~GL! @1# is the
assumption of a Blasius type laminar viscous layerdv /L
51/@4A(Re), which is used to model the energy dissipat
rate of the system. Using either ReVm

or Reo or even Rerms

and comparing it with Eq.~1!, we find the above assumptio
is not supported by our data for either magnitude or the R
Pr dependence. This is so even though our viscous la
remains laminar for the highest Ra reached@31#. We note
that the large mismatch in magnitudes~e.g., at Pr57 and
Ra513109, 0.25Re21/2 is about seven times smaller tha
dv /L, for either Reo or ReVm

) will lead to an underestimate
of the energy dissipation in the boundary layer region. N
that, however, in the GL theory, the same viscous laye
assumed for both the sidewall and the conducting plates@1#.
In a previous experiment@14#, Qiu and Xia measured the R
dependence of the viscous layer at the sidewall and fo
dv;Ra20.2660.03, which is consistent with the Blasiu
boundary layer assumption, at least for the Ra dependenc
the wind-based Reynolds number ReVm

is used. No experi-

mental result for the Pr dependence ofdv at the sidewall is
available at present. But, based on the Ra property ofdv , it
is reasonable to argue that it is probably different from tha
the conducting plates. Thus, one may need to use two
cous boundary layers, one at the sidewall and one at
conducting plates, to model kinetic energy dissipation in
GL type theory in the future.

We now compare ReVm
with Reo and Rerms . Since ReVm

from the high-Pr fluids do not have enough precision, we
only the water data which, as mentioned above, can be
resented as ReVm

50.335Ra0.495Pr20.88. This result is shown

as the dashed line in Fig. 8~b! ~i.e., ReVm
Pr0.88 vs Ra! along

with Reo . It is seen that for the given precision of the da
~see Fig. 4 for the quality of ReVm

!, there appears to be a re
difference between the two quantities and this differen
should become more pronounced with increasing Ra.
other thing to be noted is that Reo appears to have a mor
uniform behavior across the wide range of Pr than ReVm

does, which can be taken as another sign that the two
different quantities. One is based on ‘‘true velocity’’ and t
other is based on a certain time scale of the fluctuating
locity and appears to be related more to the rms velocity.
note that the prediction Re;Ra3/7Pr25/7 from an earlier scal-
ing theory of Shraiman and Siggia@32# ~the same Ra expo
nent was also obtained by Castainget al. @33#! appears to be
in excellent agreement with our measured Reo and, to a
lesser extent, Rerms , as far as the Ra dependence is co
cerned. For the Pr dependence, the agreement is less
and more so for Rerms . It is interesting that in Ref.@32# Re
is based on the large-scale velocity, whereas in Ref.@33# it is
based on the fluctuating velocity at the cell center. Our
sults for Reo and Rerms are also consistent with Kraichnan
prediction Re;Ra4/9Pr22/3, based on the rms velocity at th
cell center@34#, for the Ra part, although the Pr exponent h
a larger deviation than in the more recent theories. As
ReVm

, which is based on the maximum value of the wind,
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are not aware of any theory that predicts a 1/2 expon
besides the ‘‘free-fall’’ type argument. One exception is t
Kraichnan prediction RelnRe;Ra1/2Pr21/2 for the ultrahard
regime, which is clearly not the present case. We note
there is a current debate on what should be the true valu
g ~i.e., 0.43–0.46 or 0.5!, or perhaps what should be th
representative Re in Rayleigh-Be´nard convection. For ex-
ample, Qiu and Tong recently foundg50.45 for a Peclet
number based on the mean rotation rate of the wind@35#,
which is close to our Reo but in principle should be closer to
ReVm

since, presumably, similar quantities are measur

Since a recent paper by Chavanneet al. @36# contains a fairly
complete compilation of the various results, we will not a
tempt to cite all of them here. It is also not our intention
resolve this issue here, simply because more experiment
needed. In our view, measurements such as those show
Fig. 7 need to be done in a systematic way~i.e., across a
wide range of Ra at fixed Pr!; such measurements shou
produce quantities like ReVm

and Reo simultaneously and
under the same conditions, which will then allow us to ma
a more meaningful comparison.

To conclude, we have measured the profiles of the tim
averaged horizontal velocity along the central vertical axis
the convection cell for values of Pr from 6 to 1027 and of
between 23108 and 231010. We find that the profiles mea
sured at the same value of Pr but varying Ra appear to h
an invariant shape. On the other hand, profiles measure
varying Pr but approximately the same Ra do not seem
have an invariant form~Figs. 2 and 7!. From these profiles
we deduce the viscous boundary layer thicknessdv(Ra,Pr)
and the Reynolds number ReVm

(Ra,Pr) based on the max

mum value of the windVmax in the convection cell. The
viscous layer can be described by dv /L
50.65Ra20.1660.02Pr0.2460.01. To our knowledge, there is no
previous result for the Prandtl number dependence of
viscous layer, either experimental or theoretical. When t
measured viscous layer thickness is extrapolated to the
values of gas and mercury, we find surprisingly good agr
ment, in terms of overall magnitude, with those obtain
from the indirect temperature power spectra method. The
dependence of ReVm

(Ra,Pr) appears to vary across the ran

of Pr covered, with the exponentg changing from 0.5 to 0.68
as Pr increases from 6 to 1027~Fig. 6!. The Pr exponent of
ReVm

for the whole data set has a value of20.94 but is

20.88 if only the lower-Pr~water! data are used for the
fitting, again showing a trend of increasing~in absolute
value! with increasing Pr. In contrast to ReVm

, the global

oscillation frequency based Reo(Ra,Pr) shows a ‘‘uniform’’
dependence on both Ra and Pr across the parameter s
spanned in the experiment~Pr from 3 to 1200 and Ra
from 1.13108 and 2.631010; Fig. 8!, i.e., Reo
51.09Ra0.4360.01Pr20.7660.01. We find that the Reynolds
number Rerms(Ra,Pr) based on the rms values
local velocity may be described as Rerms
50.84Ra0.4060.03Pr20.8660.01 ~Fig. 9!. While the noisy data
produce a large uncertainty in the Ra exponent of Rerms , its
strong Pr dependence is unmistakable, which appears to
6-7
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tradict an earlier finding@29# of a Pr-independent Rerms . It is
seen from the above that all three Reynolds numbers h
strong dependence on Pr. This leads us to speculate tha
variations in the value ofg from the different experiments
could be due, at least in part, to contamination from the
Pr-dependence since not all experiments are carried ou
strictly constant Pr.
ell

tt.

n

a
n

le
e

ow
e

is

06630
ve
the

e
at

ACKNOWLEDGMENTS

We thank P. Tong and K. R. Sreenivasan for stimulat
discussions. We also thank P. S. Leang for her assistanc
data acquisition and gratefully acknowledge support of t
work by the Research Grants Council of the Hong Ko
SAR under Grant No. CUHK 4281/00P.
r-

dary
s
ut

h-
uid
@1# S. Grossmann and D. Lohse, J. Fluid Mech.407, 27 ~2000!.
@2# J.J. Niemela, L. Skrbek, K.R. Sreenivasan, and R.J. Donn

Nature~London! 404, 837 ~2000!.
@3# K.-Q. Xia, S. Lam, and S.-Q. Zhou, Phys. Rev. Lett.88,

064501~2002!.
@4# Y.-B. Xin, K.-Q. Xia, and P. Tong, Phys. Rev. Lett.77, 1266

~1996!.
@5# Y.-B. Xin and K.-Q. Xia, Phys. Rev. E56, 3010~1997!.
@6# A. Belmonte, A. Tilgner, and A. Libchaber, Phys. Rev. Le

70, 4067~1993!.
@7# A. Naert, T. Segawa, and M. Sano, Phys. Rev. E56, R1302

~1997!.
@8# See, for example, B.I. Shraiman and E.D. Siggia, Physica

97, 286 ~1996!.
@9# These are.99% pure solvents purchased from Acros Orga

ics, Ltd.
@10# F. Busse, J. Fluid Mech.30, 625 ~1967!.
@11# C.L. Yaws, Chemical Properties Handbook~McGraw-Hill,

New York, 1999!.
@12# S.-L. Lui and K.-Q. Xia, Phys. Rev. E57, 5494~1998!.
@13# K.-Q. Xia, Y.-B. Xin, and P. Tong, J. Opt. Soc. Am. A12, 1571

~1995!.
@14# X.-L. Qiu and K.-Q. Xia, Phys. Rev. E58, 486 ~1998!.
@15# We achieve the density match between the glass spheres

the liquid by first spinning the suspension in a centrifuge a
then drawing out the middle part of the suspension with
syringe needle after the liquid has settled for a long time.

@16# Because the large refractive index of the fluid~compared to
water! causes bending of the laser beams, we are not ab
position them very close to the surface of the plate where th
is a large refractive index gradient. Thus we do not kn
whether the velocity profile in Fig. 1 will become linear insid
the thermal layer (z.1.5 mm for the present one, which
also the lowest point measured!.
y,

D

-

nd
d
a

to
re

@17# J. Zhang, S. Childress, and A. Libchaber, Phys. Fluids9, 1034
~1997!.

@18# J. Zhang, S. Childress, and A. Libchaber, Phys. Fluids10,
1534 ~1998!.

@19# K.-Q. Xia and S.-Q. Zhou, Physica A288, 308 ~2000!.
@20# J.A. Glazier, T. Segawa, A. Naert, and M. Sano, Nature~Lon-

don! 398, 307 ~1999!.
@21# S. Grossmann and D. Lohse, Phys. Rev. Lett.86, 3316~2001!.
@22# G. Ahlers and X. Xu, Phys. Rev. Lett.86, 3320~2001!.
@23# F. Heslot, B. Castaing, and A. Libchaber, Phys. Rev. A36,

5870 ~1987!.
@24# The flow at this Pr is very slow, so even with very long ave

ages the data still show large scatter.
@25# R. Verzicco and R. Camussi, J. Fluid Mech.383, 55 ~1999!.
@26# A. Tilgner, Phys. Rev. E53, 4847~1996!.
@27# X.-L. Qiu, S.H. Yao, and P. Tong, Phys. Rev. E61, R6075

~2000!.
@28# X.-D. Shang and K.-Q. Xia, Phys. Rev. E64, 065301~R!

~2001!.
@29# S. Ashkenazi and V. Steinberg, Phys. Rev. Lett.83, 3641

~1999!.
@30# S. Ashkenazi and V. Steinberg, Phys. Rev. Lett.83, 4760

~1999!.
@31# The highest shear Reynolds number based on the boun

layer thickness, Re5Udv /n, reached in the experiment i
about 200, whereas the critical value for instability is abo
420 @see, for example, L.D. Landau and E.M. Lifshitz,Fluid
Mechanics~Pergamon Press, Oxford, 1987!#.

@32# B.I. Shraiman and E.D. Siggia, Phys. Rev. A42, 3650~1990!.
@33# B. Castaing, G. Gunaratne, F. Heslot, L.P. Kadanoff, A. Libc

aber, S. Thomae, X.-Z. Wu, S. Zaleski, and G. Zanetti, J. Fl
Mech.204, 1 ~1989!.

@34# R.H. Kraichnan, Phys. Fluids5, 1374~1962!.
@35# X.-L. Qiu and P. Tong, Phys. Rev. E64, 036304~2001!.
@36# X. Chavanne, F. Chilla`, B. Chabaud, B. Castaing, and B. He´-

bral, Phys. Fluids13, 1300~2001!.
6-8


